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Abstract 

For compact real manifolds, a new double conformal invariant is constructed using the Wodzicki residue and 
the d operator in the framework of Connes. In the flat case, we compute this double conformal invariant, 
and in some special cases, we also compute this double conformal invariants. For complex manifolds, a new 
double conformal invariant is constructed using the Wodzicki residue and the d operator in the same way, 
and this double conformal invariant is computed in the flat case. 
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1. Introduction 

Wodzicki discovered a trace on the algebra of all classical pseudodifferential operators on a closed compact 



manifold in [Wol ] , which is called the Wodzicki residue now. In Coj , for an even dimensional compact oriented 
conformal real manifold without boundary, a canonical Fredholm module was constructed and a conformal 
invariant was defined by the Wodzicki residue. Connes also gav e an explanation of the Polyakov action and 
its 4-dimensional analogy by using his conformal invariant. In [XJglj j . Connes' result was generalized to the 
higher dimensional case and an explicit expression of the Connes' invariant in th e fiat case was g iven by 
Ugalde. In addition, the way of computation in the general case was indicated. In [Wall ] and [Wa2j . Wang 
generalized the Connes' framework to the case of manifo lds wi th b oundary by using the noncommutative 



residue on Boutet de Monvel's algebra found in [FGLSj ]. In [Zulj and Zu2j |. the Polyakov action on a 



compact Riemann surface was expressed by using d operator. Let g\ and gi be two Riemannian matrics 
on manifolds. A invariant I{g\ 1 32) about these two metrics is called a double conformal invariant, if 
I(f 1 gi, j 2 g-i) = I(gi, 52) for positive smooth functions f 1 and f 2 . The motivation of this paper is to find 
new double conformal invariants for real manifolds and complex manifolds by the Wodzicki residue. 

This paper is organized as follows: In Section 2, for a compact real manifold, following the Connes' 
framework, we construct a Fredholm module associated to the d operator and define a double confor- 
mal invariant. In Section 3, we compute the leading symbol of F defined in Section 2, a(F^), and 
trace[<TL(-Fj' 1 )(0 cr i(-Pd' 2 )(^)] f° r C 7 ! not zer0 m T*M. In the flat case, we get the formula of the dou- 
ble conformal invariants. In Section 4, we compute this double conformal invariant for 2-dimensional case. 
In Section 5, for a compact complex manifold, we construct a Fredholm module associated to the d operator 
and define a double conformal invariant. In Section 6, we compute this double conformal invariant in the 
flat case. In section 7, we compute this double conformal invariant for 1-dimensional case. 

2. A Double Conformally Invariant Differential Form fi^ 1 ' 92 f 2 ) for Compact Real Mani- 
folds 

Let M be a n dimensional compact connect manifold. Let g 1 and g 2 be Riemannian metrics on the 
tangent bundle TM of M, and {ei, e2, • • • , e„} be local orthonormal basis on M. Let {e 1 , e 2 , • • • , e™} be the 
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dual basis, and $ = e 1 A e 2 A • • • A e" be the canonical volume of M. Define the metric on p— form space AP 
gie* 1 A e 12 A • • • A e in , e J1 A e- 72 A • • • A e J ") = ttet|(e i! , e«)|. (2.1) 
Define an inner product for ip, 7/ G A p 



- / (V,t7>*, (2.2) 

J A/ 

which makes A p be a preHilbert space and let L 2 (^4 P ) be L 2 -completion. Recall the Hodge * operator 
* : A p -> A n ~ p defined as follows: 

ry)$ = -0 A *?7 for ip,r) G A p . (2.3) 

Let A be the d-Laplacian and d* = Co * d* be the adjoint operator of d (d* : A p — > A^ 1 ). Let H p — kerA p 
be the harmonic p-forms space. Recall the Hodge Theorem 

A p = H p Imd © Jmrf* . (2.4) 

Now we take the conformal rescaling metric g = e 2 fg™ for some smooth function / on M. Then 
{e-^e 1 , e-^e 2 , • • • , e^e"} are the associated dual o rthon ormal basis about e 2 -' g™ . Let i be the Hodge star 
operator associated to the rescaling metric. By |Ugll |. we have * = e( 2p_n ^*. In particular, when 2p = n, 
the * operator is conformal invariant, that is i = *. By the definition of the inner product, when 2p = n, 
L 2 (A P ) is conformally invariant. In the following, we always assume 2p = n. By the Hodge decomposition 
theorem, we have A% — /mA(4t ) ® iff and = ker{d) n ker(d*). Fd is the pseudodifferential operator 
of order acting on A "2, obtained from the orthogonal projection P on the image of d, by the relation 
= 2Pj m d — Id. From the Hodge decomposition theorem, it is easy to see that Fjj preserves the finite 
dimensional space of harmonic forms H p , and the F% restricted to the H H p is given by 

dd* - d*d 

d ~dd*+d*d' [b) 

both H p and FH are independent of the metric in the conformal class of g. Then we have (C°°(M), L 2 (A%), 
F%) is a conformally invariant Fredholm module (for definition, see GVFt |) . 



Next we recall the definition of the Wodzicki residue. Let M be a fc-dimensional Riemannian manifold 
and P is a pseudodifferential operator acting on sections of a vector bundle B over the manifold M . In 
a local coor dina te s ystem , denote by a-k(P) the (— fc)-order symbol, then the Wodzicki residue of P (for 



details, see |Wol | or (GVFj) is defined as follows 



Wres(P)=/_/ Tr(a- k (P)(x,Z))a(Odx, (2.6) 
Jm J\i\=i 

where £ is the cotangent vector and er(£) is the canonical [k — l)-sphere volume. Wres(P) is a trace which is 
independent of the choice of the local coordinates on M and the local basis of B. In particular, the Wodzicki 
residue does not depend on the choice of the metric. Let gf M , g% M are the two different metrics on TM . 
Let F^ = 2Pi m( j — Id (i = 1,2), where Pi m d is the projection from A p to Imd. As in [Co], we have on 
A p H p , for i = 1,2 

dd*-d*d , x 

d dd* gi +d* gz d' { ' ' 

Thus F~[" (i = 1,2) is a conformally invariant 0-order pseudodifferential bounded operator. Define the 
n-form ^ 1,92 (/i, / 2 ) by the following identity for /„, fij 2 G C°°(M) 

^re S (/ [Fi 1 ,/i][ J Ff,/ 2 ])= / fo^ d u9l (h, h). (2.8) 

JM 



Then, as in [Col ] or [Ugll j . we have 
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Theorem 2.1. ^l 9 d ' 92 (/i, f 2 ) is i unique defined by (2.8), symmetric and double conformally invariant n- 
differential form. Furthermore, J M /of^ 1,ff2 (/ij f%) defines a Hochschild 2-cocycle on the algebra of smooth 
functions on M. In particular, when g± = g 2 , we get the Connes' conformal invariant. 

Proof. Let 

^{h,h,h)=Wres{f Q [F a d \h)[F a d \h}), (2.9) 
for /o, /i,/ 2 , h e C°°(M), by [3, fh] = [S, f]h + f[S, h], then 

(/o, A, /a, /a) = Wres{hh [Si , h] [S 2 , / 3 ]) - Wres (/„ [5i , /i/ 2 ] [5 a , / 3 ] ) 

+Wres(f [S 1 ,f 1 }[S 2 ,f 2 f 3 }) - Wres{hf [S u h][S 2 , f 2 }) = 0, (2.10) 

and ^ 1,92 (/ 1 ,/ 2 ) = ^ 1,92 (/2,/i), we get J M / O^ 1,ff2 (A, f 2 ) is a Hochschild 2-cocycle on the algebra of 
smooth functions on M. □ 

3. The Computation of the Double Conformal Invariant Oj 1,fla (/ij /a) 

Next we compute the conformal invariant &^' 92 (fi, f 2 )- Similar to Lemmas 2.2 and 2.3 in [TJg lj . we 
have 

nf' 92 (h,f 2 ) = I tr.4 P []T— L—D^h)Df +s (f 2 )df +Q " + V F f )dlD«\a F i)}o-(0d n x, (3.1) 

t/|^| — 1 •fJ-U. 

where A p is the p-form space and a_j (i = 1, 2) denotes the -j order symbol of F 9i (i = 1, 2); £>£ = H) l/3| d£ 
and the sum is taken over \a'\ + \a"\ + \(3\ + \6\+j + k = n; |/3| > 1, \S\ > 1; a' ,a" , f3,5 € Z"; j, k g Z+. Let £ = 
SILi £.j' e ' J be the cotangent vector in T*M. Let ctl(P) denote the leading symbol of the pseudodifferential 
operator P and e(.) and (,(.) denote the exterior and interior multiplications respectively. By Lemma 3.52 
in [g|, we have 

Lemma 3.1. When gi (i = 1, 2) is flat, we have for £ ^ 

cr F fe (a;,0 = for V k > 0; (3.2) 

^{Fd ) = <7 L[F d ' H ) = j|p (« = 1,2). (3.3) 



We assume that <^ (i = 1, 2) is fiat. Similarly to Lemma 6.1 in [Ugl| . then we have 
Lemma 3.2. The following equality holds 

^ t (A./a) = / ^^tE^^^O^aa)^^^ ))5|(a i (Pf))]rf"- 1 ^, (3.4) 

where the sum is taken over \a\ + |/3| + |5| = n; 1 < |/3|; 1 < 
Let 

<K£,77) - Tr At [a L (Pf )(x,0a L (Pf )(x,77)]; (3.5) 

^.'/.Vl^^^frff )(0)^( ( tl(P1 2 )W)], (3.6) 

where the sum is taken over + \S\ = n, > 1, \6\ > 1. T^(£, 77, u, w) is the term of order n in the Taylor 
expansion of + u,n + v) at u = v = minus the terms with only powers of u or only powers of v. As in 
Section 4 in [XJglj ] . we have 



Theorem 3.3. 

^IZih'h) = {Y,A a , b {Dlh){D b J 2 ))dx, (3.7) 

where 

J2A a , b u a v b = f (T^^,u + v,v)-T^^,v,v))a(0. (3.8) 

J\e\=i 

By Theorem 3.3, to obtain an explicit expression for fi^flat' ^ 1S necessary to study Tr^ [^(-F^XC) 
o h {Ff )(r))\ for i and r? not zero in T*M. 

Theorem 3.4. With o-l{F^ 1 )(£)o-l{F^ 2 ){vi) acting on m-forms, we have 
For m = 1 

Tr A ,[a L (ff ){Oa L {Ff )(„)] = j^* - 3C°. (3.9) 



for m > 2 



where (£, 77)^(7 = 1,2) represents the inner product .gi(£,?7) (i = 1,2) and 

On,m — W-2 + Ly n-2 - /L/ n-2 > a n,m — ^ n ~ ^ n -2 ~ °n-2 "+" ZLy n-2 i l" 3 - 11 ,* 

w/iere C™ is a combinatorial number. 

Lemma 3.5. With o-L(F^ 1 )(^)aL(F^ 2 )(r]) acting on m-forms, we have 

tr(4Vi MMO) = (6 »>gi A„, m , (3.12) 
where A n>m = C™ — C™~ x + • • • + (— l) m C° and e m denotes the operator e acting on the space of m forms. 
Proof. By using the trace property and the relation 

e m -i(OC(v) + C+i(v)e m (0 = (ti,v) gi Im, (3.13) 
where I m is the identity on J 4 m -forms, we get 

tr[C(»)e m -i(£)] +tv[C +1 ( V )s m (0] = M S1 C™ (3.14) 

when 772 = 0, we have tr[/,f x (r])eo (£)] = (C^gi^o- Then by (3.14), we can prove this lemma. □ 
Proof of Theorem 3.4 

Proof. Using Lemma 3.5 and (3.13) we deduce 

tracer [a L (Ff ) (x, ^)a L (Ff ){x,r,)\ 
= |ei 9 - 2 |r/| s - 2 trace Am [(2s m _ 1 (0C(0 - \^I m ){2e m ^{n)C („) - |„|- 2 J m )] 
= 4|e| s - 1 2 |7?| ff2 2 trace ylm ( £m _ 1 (e)C(0£ m -iWC(?7)) - 4^„, ro -i + C™, (3.15) 

when 777 = 1 and by Lemma 3.5, we can prove (3.9). 
For m > 1 and £i , £2 , f]\ , f]\ € A\ , let 

flmKb^.iJi,^) = trace A -[em-i(Ci)C(6)em-i(77i)C(»2)], (3.16) 

we have the relation 

= tracer { [(6, 6}gJm - C+ife)£m(6)][(»7i, %) fl2 /m - C+i fe)^(n)]} 
= (Zi,ti2) gi {Vi,V2) g2 (C™ - 2A n , m ) +trace Am [e m (77i)C + i(6)£m(a)C 2 + i(%)], (3.17) 
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which implies 

a m +\{m^2,£,i,m) = a m (ti,&,Vi,V2) + (Ci,6)si(»7i, ? 72) 92 (2^„, m - C"), (3.18) 

and 

ai(£i, £2, Jh.Jfc) = (6,7/2)92(6,7/1)^. (3.19) 

Thus because of the relation 

tracer [ CTL (Ff )(x,^a L (F^)(x,r,)] = 4a m (£, £, V, vMtfMg? ~ ^ m -i + C™, (3.20) 
we have a recursive way of computing the left hand side. This is enough to prove that 

Tr^MFf )(£K(Ff )(t/)] = + 6 n , m , (3.21) 

for some constants a„ jm and 6„. m . 

Now in the particular case in which £ = ry = e- 7 is a member of an ortho normal basis of 1— forms about 
52- We compute a n ^ m and 6„ iTO by (3.21) and taking special £,77. Then we have 

^(JT)(0M*r)(»7) = £(g)t9l(e | ~/ gl(e)£(g) x [£(77)^(77) - ^(vHv)}- (3.22) 

For a basic m— form {e- 71 A eJ 2 A • • • A e Jm } , one has 

(e m _i(0O0 - Cn^MOX^' 1 A e- 72 A • • • A e*") = A e 32 A ■ • • A e^, (3.23) 
if £ = e 7 '* , for some i; and 

(e m _i(0O0 - Cn^MOX^' 1 A e j2 A • • • A e?~) = -e* A eJ* A • • • A e*», (3.24) 
if £ 7^ e 7 * , for every i. 

( £m _r(0C(0 - C+i(0^(0)(e jl A e 32 A • ■ • A e*») = \tf gi {e?* A e 32 A • • • A e^), (3.25) 
if £ = e J< , for some i; and 

(e m _!(0C(0 - C+i(0£m(0)(e jl A e 32 A • • ■ A e^) 

m 

= 2^ 5l (e,e^)(-l) fc ~ 1 (e A e J1 A e 32 A • • • A e> k ■ ■ • A e ]m ) - \^\ 2 gi (e jl A e 32 A ■ • • A e J ™), (3.26) 
fe=i 

if £ 7^ e Ji , for every i. 
For £ = 77 = e J< , 

<t £ (Ff ) (£)ct l (Ff ) (??) {e n A e 32 A ■ • • A e J ™ ) = e J1 A e j2 A • • ■ A e J ™ . (3.27) 
If both £, r/ do not belong to {e 31 A e 32 A ■ • ■ A e Jm }, then 

M^fXO^f X^' 1 A e 32 A ■ • • A e?<») 

m 

= 2 \^\gi Yl e> A eJl Ae ,! A'"A?'"'A e J ™) + e J1 A e 32 A • • • A e im , (3.28) 

fe=i 

since the first term of (3.28) does not use for computing the trace. For £ = r\ = eJ 1 , we get 

Ttx-MFf XOMFf = (3-29) 
5 



therefore, a n , m + 6„, m = C™. 

If both £ and 77 are different members of an orthonomal basis of 172, the term 52(^5??) = and the 
expression (3.10) reduce to &„ jm . 

For £, 77 € {&V • • , e^},'by (3.23) and (3.25), then 

^l(FT)(0^l(FT )(v)(e h A e j2 A • • • A e 3 '") 



g(Qt fll (0-^(0e(0 



H£V 2 (£) - << S2 (£M£)]e J1 A e 32 A • • • A e J " 



= £(0^(0 tgl ® g ® e* A e-' 2 A • • • A e Jm = e J1 A e 32 A • A e J ™ ; (3.30) 

and by (3.24) and (3.26), then 

^L(F^)a L (F^)(r])(e^ A e j2 A • • • A e 3 '") = <7i(*d 1 )(0 H^' 1 A e 32 A • • • A e 3 '")] 

m 

= 2 l£lsi 2 H 5i e «)(- 1 ) fe (^ A &n A e 32 A • ■ • A ?' • ■ ■ A e Jm ) + (e J1 A e j2 A • • • A e J ™), (3.31) 
fc=i 

if both £, 7? do not belong to {e- 7 *, • • • , e 7 " 1 }; and 

o'l {Ff ) (0<?l (Ff ) (r?) (e^ 1 A e 32 A • ■ • A e 3 '™ ) = a L (Ff ) (0 [- (e^ 1 A e 32 A • ■ • A e 3 '™ )] 

= -e 3l Ae 32 A'"Ae 3m , (3.32) 

if only £ belongs to {e Ji , • • • , e 3 "*} and 77 does not; and 

M^f)(£K(^f )(»?)(e jl A e j2 A • • ■ A e^) = a L (Ff )(£)(e^ A e j2 A • • ■ A e^) 

m 

= 2 ICl9 1 2 H3 1 ^' e3fc )^ 1 ) fc_1 ^ A eJl AeJ2 A '" A? '"' Ae,m ) - ( eJl AeJ2 A •• ' Ae 3m ), (3.33) 

k=l 

if only 77 belongs to {e- 7 '*,--- , e 3 "*} and £ does not, the first term of (3.31) and (3.33) does not use for 
computing the trace. 

So the number of basic to— forms containing both £ and 77 is C^^ 2 , and the number of basic to— forms 
containing neither £ nor 77 is C™_ 2 , the number of basic to— forms containing exactly one of £ or 77 is 2C™Z 2 ■ 
So the value of 

^n,m is given by tlic trace of the above operator, which, equals &n,m — C n —2 ~^~^n l —2 ~~^^n— 2 ' 
hence a n , m = C™ - C™S 2 2 - C™_ 2 + 2C™_~ 2 1 , and the proof is complete. □ 



4. f^ 1,S2 (/i, / 2 ) for 2-dimensional Compact Real Manifolds 

In this section, we compute this conformal invariant for 2-dimcnsional compact manifolds. Let g 1 and g 2 
are Riemannian metrics on the real tangent bundle TM of M. For n = 2, let M = S 1 x S* 1 and g 1 = 5 s (Bg s 
be the orthonormal metric and g 2 be a different metric defined by 

g 2 (e 1 ,e 1 ) = f; g 2 (e\e 2 ) = 0; g 2 (e 2 ,e 2 ) = h; (f > h > 0) (4.1) 

where e 1 , e 2 are global othonormal basis of g 1 . 

By lemma3.2 (for the definition of ^ 1,92 (/i,/ 2 )), since the sum is taken |a| + |/3| + |(5| = 2; 1 < |/3|; 1 < 
we get |a| = 0, |/3| = \6\ = 1, then we have the four cases: = (1,0), <5 = (1,0)}; {/3 = (1,0), <5 = 
(0,1)}; {£ = (0,1), 5 = (1,0)}; {£ = (0,1), 5 = (0,1)}. 
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Then we have 



Since n = 2, we get 



|€|=1 1!0^ D - ,0)(/l)D " ,0)(/a)fl £° W^* 80 ^ ^ 



+D^(h)D^\f 2 ) [ d (l d V2 traced (0<r£ M 

+D(°' 1 )(/ 1 )4 1 '°)(/ 2 ) / %cV traced (0<# a WRda 
J|«l=i 



'l£l= 

+4 ' 1 )(/ 1 )4°' 1 )(/ 2 ) / c^trace^ (0^ M (r/))^ 

yi£i=i 

D^ \h)D^ \f 2 ) [ A 1 d£,dx + D^\f 1 )D^(h) [ A 2 d£dx 
+D^\h)D^\f 2 ) [ A^dx + D^\h)D^\f 2 ) [ A^dx. (4.3) 



have 



In this subsection we denote by |*. For £ = Xa<i<n& e *' using the Theorem 3.4 and n = 2, we 



, (£i»7i + bmWZiVi + Kim) 

Through the computation 



traced 1 („)) = 4 ^ ^2)^2 3 ' ( 4 - 4 ) 



A, = a £l ^trace(^ (£)^ S2 = 1 - 2£ 2 + - TTTF^vT < ^ » 

A 2 = c^trace^ 91 (0<r£ M = -2&fc + W ,, 2 '^2 - TTT^TT^ ' ( 4 - 6 ) 



/£l 2 


+ ^ 2 


(/C 2 + ^2 2 ) 2 ' 


(/+ 




2/^l6 




+ ^ 2 


m+Kiy 


(/+ 




2/^16 


/£l 2 


+ h$ 


(.fd 2 + ^) 2 


/l(l 


+ 2C 2 2 ) 


2/^ 2 2 


/£? 




(/^ + ^2 2 ) 2 ' 



A 4 = %S, 2 trace(af- (fl ff £« = 1 - 2£ 2 + - (/ ^f f2 , 2 - (4.8) 
Since |£| = 1 is the unit circle, let £1 = cos#, £ 2 = sinO. By (4.3)and(4.5), we have 

/ = f\l 2cosH)d6 + f - l+ Jt°^ 6 2J O V 2 ft Til ■ 2M d6 - ( 4J ) 
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By the integral formula and / > ft > 0, we have 

jf (1 - Wfl* - 0; f /( ^f w , « - ^ - (4.10) 

[ 2n 1 fl 2tt r 2 " co S 2 fl 2^ 

7o fcos 2 6 + hsin 2 6 V/ft' Jo (fcos 2 d + hsin 2 e) 2 fy/Jh' 1 ' j 

By (4.9), (4.10) and (4.11), we get Jj £|=1 ^idC = 

Similar to the computation of the first case, by integral formula, then J^ =1 A 2 d^ = Jj^| =1 ^3^£ = 0, 

■f\t\=i Aid ^ = TTTTh- 

Therefore, for n = 2, we compute the double conformally invariant 



or 2 (/i,/ 2 ) = V7 4 ^ (^ l,o) (/i)^ l,o) (/2)v7^of flalffigS . +^ i )(/ 1 )^ o - i )(/ 2 )^o/ sSlesSl ). 

(4.12) 

Next, for / > ft > 0, we let 

flV, e 1 ) = /; ffV. e 2 ) = ft; 5 2 (e 2 , e 2 ) = /. (4.13) 
Similar to the computation of 4.2, for n = 2, we have 

nS 1,fla (/i,/ 2 ) = D£>°Xh)D^°Xf 2 ) [ B^dx + D^°\h)D^\f 2 ) [ B 2 didx 

+D<?> 1 \f 1 )D£>°\f 2 ) [ B 3 d£dx + D^\h)D^\f 2 ) [ B A d£dx. (4.14) 
For £ = X)i<i< n 6 e \ usm g the Theorem 3.4, we have 



traced („)) = 4 ^ + + + ^ + ^ - 3. (4.15) 

Isloi Mc 



Through the computation 



r « a + / \\\ 1 , /(l + 2ff) + 2ftfr6 2(/a + ft^) 2 1R . 

Br = %^traceK (fl* £ (v))\* = 1 - % + (/ + 2ftfr6)' ; ( "° 

r « a ♦ /■ F «m , ft 2/66 + 2ft 2[/ft+(/ 2 + ft 2 )66] 2 

B 2 = %3 r)2 trace (( x L (0 ffi („))|. = -266 + ? - ^ (/ + 2 ,66) 2 ; < 4 " 17 > 

r » » + i F *uc\ F <*( \\\ t 2/66 + 2ft 2[/ft+(/ 2 + ft 2 )66] 2 fA ia x 

B.3 = %a m traced - -266 + ? - ^ (/ + 2ft66) 2 ; ^ 

r a a + / \\ i , ^2 , /(i + 26 2 ) + 2ft66 2(/6 + ft6) 2 , 10 v 

S 4 = %9 J)2 trace(a L (£K fo))|. = 1 - 26 + (f + 2h^ 2 y ^ 

Since |£| = 1 is the unit circle, let 6 = cos6,£ 2 = sin9. By (4.14) and (4.16), we have 

By the integral formula and / > ft > 0, we get 



(1 - 2cos 2 6)d6 = 0; / r d6 = —;=arcban K l - r — r ; (4.21) 

Jo «n20+£ y/p " h 2 \f + h 



h 3 2h 3 f — h 

d6 = —775 rgr H arctcm* - — r- . (4.22) 



/o M + {) 2 f(f 2 -h 2 ) (f2 - h 2 )y/ p - b? \f + h 

By (4.20), (4.21) and (4.22), then 



4h f-h f-h , 

B 1 d£ = 2-K + — -8\Pi — rarctan* J - — -. (4.23) 
'|5|=i J V/+' 1 V I + h 

Similar to the computation of the first case, by integral formula, then 

2/vr 28h 3 + 8/ 3 + 24/i 2 / + 6hp 



& ^ " h^ B ^ = h (f + h)(P-h*) 

24h 2 f - 8f - 8fh 2 - 8h 3 If - h 

+ . arcbariA J - — -; (4.24) 

h(f + h)^p^ \f + h' 



B 4 d£ = 27T+^ -8W7 — ^arctanjt — \. (4.25) 



M€|=i / \f + h \f + h 

Therefore, for n = 2, we get the double conformally invariant 

fiS I,s *(/i,/a) 



= D^\ h )D^\ h ){2, + ^ - J f j^arctanJL_l)dvol g3lmgSl 
, n (i,o) rMn (o.i)„ v 2/tt 28fr 3 + 8.f 3 + 24fo 2 / + 6fe/ 2 

24/i 2 / - 8/ 3 - 8/h 2 - 8/1 3 //-/i, , , 

H ; arctan\ -)dvol nS i a , nS i 

Hf + h)y/p -h 2 yf + h' 9 09 

, n (i 1 o)/ nn (o 1 i) fn /2/T 28fo 3 + 8/ 3 + 24fo 2 / + 6fr/ 2 

+ ^ (/^ (/ 2 )(- ————— 

24/i 2 / - 8/ 3 - 8fh 2 - 8h 3 lf-h, , , 

H — arctan* jdvol s i m s i 

h{f + h)y/p-h 2 \]f + h J 9 ® g 



+Z>C°. 1 >(/ 1 )i^>(/^ (4.26) 
5. A Double Conformally Invariant Differential Form nfL 1,ff2 / 2 ) for Complex Manifolds 



First we recall some basic facts on complex geometry (for details, see [CCLl ] or GH |). Let M be a 



compact connect complex manifold with complex dimension n. Let <7 R be a Riemannian metric on the real 
tangent bundle T R M of M. We canonically extend g R to a Hermitian metric g c on the complexified bundle 
T R M<K> C. Denote by g 1 ' (res. g ' 1 ) the restriction on the holomorphic bundle T 1,0 M (res. T 0,1 M ) of 
5 C . Let 5 R * (res. c? 1 ' -*, g * 1 '*) be the dual metric on the dual bundle T R, *M (rep. r 1,0, *M,T 0,1, *M). 
let ^4 P ' 9 denote the smooth (p, q)-forms space on M. Let J be the canonical almost complex structure on 
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T R Af and {ei, • • • , e n , e„+i, • • • , e2 n } be the local orthonormal basis which satisfies Jei = e n +i- Thus g R is 
J-invariant metric and 

<t>j = -^(ej ~ y z Te„ +i ); = -^=(e 3 - + \/ = Te n+ j), 1 < j < n (5.1) 

are respectively the orthonormal basis of T 1,0 M and T 0,1 M. Let {e 1 , • • • , e™, e™ +1 , • • • , e 2 ™} be the dual 
basis on T R, *M which satisfies Je 3 = -e" +J where J is the induced almost complex structure on T R '*M. 
Then 

A, = i= + >/=Ie"+' ); A~ = (e* - V=le n+ > ) , 1 < j < n (5.2) 

are respectively the orthonormal basis of T 1 ^ 0, *M and T 0,1 '*M. {</>.,■, </>j} and {Xj, Xj} are dual basis. Define 
the inner product on the smooth (p, q)-forms space A p ' q such that the basis {A^ A • • • , Ai p A Xj ± A • • • A Xj q } 
is the orthonormal basis. $ = Ai A • • • A A„ A Ai A • • • A A n be the canonical volume form on M up to some 
constant. Define an inner product for ip,r) € A p ' q 

((i>,V)) = I (lM>*, (5-3) 

JM 

which makes A p ^ q be a preHilbert space and let L 2 (A p ' q ) be L 2 -completion. Recall the Hodge * operator 
★ : A™ -> A n -P' n - q defined as follows: 

(tp, ry)$ = ip A *77, for ^, € A PiQ . (5.4) 

Let A be the 9-Laplacian and d — c* 9* be the adjoint operator of d wh ere c is a constant. Let be 
the harmonic (p, g)-forms space. Recall the Hodge Theorem says that (see (gh[) 

A M = © HA**- 1 © (5.5) 

Now we take the conformal rescaling metric g — e 2 ?g R for some smooth function / on M, then the associated 
dual metric is e~ 2 fg R '* and the associated orthonormal basis are e~' fa, e~' fa and &' Aj, e* A^. Let $ be the 
Hodge star operator associated to the rescaling metric. 

Lemma 5.1. ★ = ^\ n ^v-<i)i * . In particular, when p + q = n, the * operator is conformal invariant, that 
is -k = -k. 

Proof. By equalities $ = e 2 ™^ $ and rf) = e~ 2 ( p+q ^ g(tp, 77) for ip, 77 € v4 p ' 9 , then we have 

%/} A*T] = g(tp, 77)$ = e 2{n - p - q)f g{^, 77)$ = e^ n - p - q)f ip A *r;. (5.6) 
by (5.6) and the Poincare duality, we get ? = e^™ - * 1-9 " *. □ 

By the definition of the inner product, when n = p + q, L 2 (A p,q ) is conformally in varia nt. In the 
following, we always assume n = p + q. By the Hodge decomposition theorem (also see Ug2| ). we have 



H p ' q = ker(<9) n ker(9*). So by Lemma 5.1 and d is independent of metric, we get that H p ' q is conformally 
invariant. Let F-g = 2P lm g — Id where P Im g is the projection from L 2 (A p,q ) to Im<9. As in [Co], we have on 
A p ' q QH p ' q 

F^S—Sl. (5.7) 

dd* + d d 

Thus Fq is a conformally invariant 0-order pseudodifferential bounded operator satisfying Fg = F^ and 
F~ = 1. Let C°°(M) be the set of smooth complex- valued functions on M. Then we have 

Lemma 5.2. If M is a compact conformal complex manifold wit hout b oundary, then (C°°(M),L 2 (A p,q ), Fg) 
is a conformally invariant Fredholm module (for definition, see \GVI\ 1) . 
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Let gf'™, gf'™ be the two different metrics on T R >*M. Let Ff = 2P ln{B - Id (i = 1, 2) where P In 
is the projection from L 2 (Ap-i) to Im5. As in [c3|, we have on A p ' q 6 iP' 9 , for i = 1, 2 



9i 1 a 

?9i (i - 



dd* — d„.d 

F g t = __ 3 , j. 58 
9 dd*.+d„.d 



Thus F—* (z = 1, 2) is a conformally invariant 0-order pseudodifferential bounded operator. For n— dimensional 
complex manifold, we define the 2n-form Q, 9 }' 92 (fa, fa) by the following identity for fa, fa, fa 6 C°°(M) 

Wres(f [Ff , fa] [Ff , fa}) = j fan 9 } ' 9l (/i , / 2 ). (5.9) 

By Lemma 5.2, as in [Cc| or |Ugl| . we have 

Theorem 5.3. f2£. 1,92 (fa, fa) is a unique defined by (5.9), symmetric and conformally invariant 2n- differential 
form. Furthermore, J M fan?}' 92 (fa, fa) defines a Hochschild 2-cocycle on the algebra of smooth functions on 
M. 

6. The Computation of the Conformal Invariant ft 9 }' 92 (fa, fa) 

Next we compute the conformal invariant 0^' ff2 (fa, fa)- By Lemmas 2.2 and 2.3 in Ugl| . we have 



f 1 It I II a F 91 F 92 

Of' 92 (fa, fa) = J ^ tr AM [£ -—— D e(fa)D2 +s (fa)d^ +a + V_f )d\D« (a_% x, (6.1) 



where A p,q is the space of (p, g)-degree forms and aj'j , aj'j denotes the order — j symbol of Ff , Ff ; 

Dl = (-i) m dP and the sum is taken over \a'\ + \a"\ + \/3\ + \S\ + j + k = 2n; \/3\ > 1, \5\ > l;a' ,a" ,(3,5 € 
Z^_"; j, k € Z+. Recall Lemma 3.52 in [g|, then we have 

Lemma 6.1. The following equalities hold 

<tl@){x,Z) = ^ E & + ^Hi+nW ^TeJ +n ); (6.2) 

l<j<n 

<r L (d*)(x,0 = J2 & - ^i+nW j - V^Te^); a L (A) = i|e| 2 Id. (6.3) 

l<j<n 

Lemma 6.2. When gi (i = 1, 2) is flat, we have for £ ^ 

,7(5) = o- L (d);a(d*) = a L (d*); a(Ff) = a L (Ff) = 2^-^(8)^(8*) - <t£«(S>*@)]. (6.4) 

We assume that gi (i = 1, 2) is fiat. Similarly to Lemma 6.1 in jUgl| . then we have 
Lemma 6.3. The following equality holds 

where the sum is taken over \a\ + |/3| + \8\ = 2n\ 1 < 1 < |<5|. 
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Let 

VC?) =Tr AV , q [a L {Ff){x^)a L (Ff){x 1 r l )]- (6.6) 

where the sum is taken over + |5| = 2n, |/3| > 1, |5| > 1. T^i^,, rj, u, v) is the term of order 2n in the 
Taylor expansion of + u,n + v) at u = u = minus the terms with only powers of u or only powers of 
v. As in Section 4 in |Uglj . we have 

Theorem 6.4. 

*0 = E ^a, & (^/l)(^/2))^, (6.8) 

w/iere 

E^«v= / (T^,e^+«,«)-n„^(e,e,w,w)V(6- (6-9) 

J|C|=i 

By Theorem 6.4, to obtain an explicit expression for fi^ 1 ' 92 , it is necessary to study Tr A p, g [o'L(-F^ 1 )($) 

(7,113,1 (7 

^(if 2 )(r?)] for £ and r? not zero in 7, /,v .\/. For £ = Ei<,:< 2 „ ^ , we let 

e = £ (0 + ^0+n)(e J - V^Te J+ "). (6.10) 

l<j<n 

For a (0, l)-form wj, we have 

= (^-V=T^ +n )t*(e»'-V=T^ +n )«i. (6.11) 

By Lemma 6.1 and (6.11), we have 

^m® = vi'(d*)(o = -^L 9i it). (6.12) 

Theorem 6.5. For q = l,p + 1 = n 



TW [a L (Ff)(Oa L (Ff)(rj)} = C ^^ff 92 + - 4<7£. (6.13) 



for g = 2,p + 2 = n 



Tr AP , 2 [a L (F£)(0a L (F£)(v)} 



For q > 3,p + q = n 



+ 4^ + C^-4C^„, 1 . (6.14) 



Tr AP 4a L (Ff)(0a L (Ff)( V )} = a p J^ ff 92 +b M , (6.15) 

Islgi \V\g 3 

where (£,rj) gi (i = 1,2) represents the inner product g C '*(^,rj), a P:q and b P:q are some constants, is a 
combinatorial number. 
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Lemma 6.6. For £, r] £ 

^l) q+ M^ q (0) = (f,57) gl CPA n>q , (6.16) 
w/iere A„ ig = — C^ 1 + • • • + (— 1) 9 C° cmd denotes the operator e acting on the space of (p, q) forms. 
Proof. By using the trace property and the relation 

ep, q -i(ZK, q (v) + C+i(^ £ ™(0 = (Iftgilp,*, ( 6 - 17 ) 
where I p>q is the identity on (p, q)-{orm.s, we get 

tr[^e M -i(0] +tv[% q+1 (ri)e p , q (t)] = <£r?) fll C*C*. (6.18) 

When q = 0, we have tr[t^i(^)e^o(0] = (£; l)gi^n- Then by (6.18), we can prove this Lemma. □ 

Proof of Theorem 6.5 

Proof. By Lemma 6.1 and (6.12), we have 

Tr AP 4a L (Ffma L (Ff)(r])} 
= Tr AP ,42|r 2 [2a£^K^V^A)]^ 

-MgM^-^KM + cici. (6.i9) 

By Lemma 6.6, we have 

I^M^^KM = |^|- 2 tr[^(0 £p>9 -i(0] 
= l^&O^A.,,-! - \%?m\ClA n ^ = 2C%A n , q - 1 . (6.20) 

For q > 1 and £ OJ n a ,n b e A 0A , let 

B p , q {£ a ,£b,Va,Vb) = to[£p,q-i{€a)% q {€b)£ P ,q-i(Va)% q (Vb)]- (6.21) 
By (6.17) and Lemma 6.6 and the trace property, we have the relation 

= W[< Ca,6 > S1 Jp,, - ^ g+ l(6)e P , 9 (Ca)][(f?a,?7fc) S2 /p, 9 - ^+1 (%)£p,g (%)] } 

= <»7a,»fcUCSC« - 2C*A.,,) +tr[ £p , g (%)C+i(^)%,< ? (^)C+i(%)]' ( 6 - 22 ) 

which implies 

B p , q +i{n a ,Cb^a,m) = B p , q (£a,£b,V*,rib) + (^,6> Sl v7a,%> 92 (2<^„, 9 - C£C«), (6.23) 

B p ,l(£ a ,£b,Va,Vb) = ^ P A(a)ip\(£,b)Spfi(Va)L 9 p 2 A {Vb)} 

= ^i(Vb)e P A^K:i(^)e P AVa)} = (Va,tb) gi (ta,Vb) 92 Cl (6.24) 

By (6.19) and (6.20), we have 

TWMtffXOM^f )(»?)] = ICW B ™(££^ + ^- 4 ^V«-i> (6.25) 



B P ,i(e^,^57) = (Z,v) gi {^v) g2 Cr, (6.26) 
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and 

B P a(l I V, V) = B p i(rf, £ £ rj) + <f^) (£ rf) g2 (2C?A nA - C*C£) 



= (^0 ai (v,^ g2 CP + {^rj) gi (^ g2 (2CPA nil -CPCi). (6.27) 

By (6.25) and (6.26), we can get (6.13). By (6.25) and (6.27), we can get (6.14). By (6.25) and a recursive 
way, we have 



Tr K( F«' )(0o- L ( Ff )(„)] = /v ,^|f^^ + & M . (6.28) 

□ 



7. n| 1,92 (/i, / 2 ) for 1-dimensional Complex Manifolds 

In this section, we compute the double conformal invariant for 1-dimcnsion complex manifolds. By 
lemma 6.3 (for the definition of Cl^' 92 (fi, / 2 )), since the sum is taken \a\ + \/3\ + \6\ = 2; 1 < \/3\; 1 < \S\, 
we get \a\ = 0, \/3\ = \S\ = 1, then we have the four cases: {/3 = (1,0), 8 = (1,0)}; {/3 = (1,0), S = 
(0, 1)}; {0 = (0, 1), S = (1,0)}; {/3 - (0, 1), 5 = (0, 1)}. 

Then we have 

Jf lfl2 (/i,/ 2 ) = | tr^^^i^/Oi^^^^ 

= / c|=1 YloTito! 0) ^ 1 ^ £) * 1 ' 0) ^ 2 ) 5 Si 0) «2) a ( ( m° ) r)2) trace ( <7 i sl (O'f" foM** 



+ L lCJ !i^ ' 1)(/i) ^ 



= D( 1 -°)(/ 1 )D( 1 '°)(/ 2 ) / a^^traceK 91 ^"^))^ 

+4 1 '°)(/ 1 )£>(°' 1 )(/ 2 ) / traced (0^ 92 W)^ 

■/|SI=i 

+D(°' 1 )(/ 1 )4 1 '°)(/ 2 ) / %a m tracc( ( xf- (0<r£ M 
J\t\=i 

+D^ l \f 1 )D^ 1 \f 2 ) f dt^izaceiv^iOvZ'WWdx. (7.1) 

For £ = X)i<i<2n £« e *' 5i ^ e a R-iemannian metric on the real tangent bundle T R M of M, and define 
92(ei,Cj) = ( e i7 e j)g 2 - By (6.10) and direct computation, we get 



M Sl = m-i&)(Vi+m), (7.2) 

(£>»?)s2 = (£i +«6)(»7i -«?72)((ei,ei) S2 + (e 2 ,e 2 ) S2 ). (7.3) 

J7=i 

l«l 9 

Tr.o, MF#)(0MFf )(„)] = -^i^^A'/i^^u^i/^-r^,^; _ 3 , (74) 
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In this subsection we denote |^ ^ =1 by |*. By (7. 2), (7. 3) and Theorem 6.5, we have 

2(&+&)(v 2 i +r£)((e 1 ,e 1 ) B2 + (e 2 ,e 2 ) 32 ) 



By (7.4), we get 

F F 

%d^trace(cr L 91 (£)cr L 32 (v)) = «ei,ei) S2 + (e 2 ,e 2 ) S2 ) 

, 8^11^-8^^+^) sa + - sate 2 + e 2 M + ^ 

x [ k&ic (ei ' ??>92X J ' ( } 

Then 

9 6 5 J)1 trace(af 91 (0<rf w = 0. (7.6) 
Similar to the computation of the first case, so we get 

%d„ 2 trace(a£ 91 (^l 3 (v))\* = 0; S^trace^f 91 (t?))|. = 0; (7.7) 

%a, 2 tracc(af 31 (£)a£ 92 (77))!* = 0. (7.8) 
Then we deduce the conformal invariant for 1-dimension complex manifolds 
Theorem 7.1. For 1-dimension complex manifolds, O^ 1 ' 32 (/ 1; f 2 ) = 0. 

By Theorem 6.5 and Theorem 7.1, we have 
Conjecture 7.2. For any dimensional complex manifolds, Q^-' 92 (/1, f 2 ) = 0. 

Remark 7.3. In this paper, for compact real manifolds, a new double conformal invariant is constructed 
using the Wodzicki residue and the d operator in the framework of Connes. In the flat case, we compute 
this double conformal invariant, and in some special case, we also compute this double conformal invariants. 
For complex manifolds, a new double conformal invariant is constructed using the Wodzicki residue and the 
d operator in the same way, and this double conformal invariant is computed in the flat case. We hope to 
compute the double conformal invariants in general case in the future. 
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